We study the dynamics of a kink propagating in a Nagumo chain presenting a geometrical bifurcation. In the case of weak couplings, we define analytically and numerically the coupling conditions leading to the pinning of the kink at the bifurcation site. Moreover, real experiments using a nonlinear electrical lattice confirm the theoretical and numerical predictions.
I. INTRODUCTION
Since the past two decades, a growing interest has been devoted to the dynamics of kinks in strongly dissipative or reaction-diffusion systems [1] [2] [3] [4] [5] . Indeed, discrete reaction-diffusion equations supporting kink solutions are widely used to describe the excitation spread in a variety of systems in physics, biology or chemistry [1, 6] . In such discrete media, like chains of coupled chemical reactors [7] , myelinated nerve fibers or cardiac tissues [8] , there exist effects directly imputable to the discrete character of the considered medium. Among them, is the well known wave propagation failure phenomenon occurring when the intra-chain coupling becomes lower than a non zero critical value [9] [10] [11] [12] [13] [14] [15] . Recent studies of action potential propagation in cardiac tissues have shown, that propagation in a discrete medium could also fail owing to an abrupt increase of the intercellular coupling [16] . Indeed, considering the junction of two homogeneous nonlinear diffusive Nagumotype sub-lattices with respective couplings D 1 and D 2 , the kink initiated in the first medium will overcome the junction if the coupling D 2 belongs to an interval [17] [18] [19] . In a discrete diffusive medium, one might also wonder how the presence of branches at a bifurcation site may quantitatively affect the propagation conditions through this site. This leads us to investigate in the present paper, how a kink propagating in a main fiber F 1 separating in two fibers (or branches) F 2 and F 3 with respective intercellular couplings D 1 , D 2 and D 3 , will overcome the bifurcation site. In the particular case of two identical fibers F 2 and F 3 with couplings D 2 = D 3 = D, we show that the † Electronic address: smorfu@u-bourgogne.fr propagation is possible through the bifurcation site for
The paper is organized as follows: in the next section, using discrete Nagumo-type fibers, we analyze theoretically and numerically the coupling conditions inducing the pinning of the kink at the bifurcation site. These predictions are then confirmed, in section 3, by experimental results obtained with an equivalent electrical lattice. We finally give some concluding remarks in the last section.
II. THEORETICAL AND NUMERICAL STUDY
The set of nonlinear diffusive equations modelling the evolution of a Nagumo chain F 1 presenting a bifurcation site m with two branches F 2 and F 3 (figure 1.a) is expressed, in the general case, under the following normalized form
where the cubic on-site nonlinearity is provided by The three first equations of system (1) describe the evolutions of each fiber, respectively F 1 , F 2 , and F 3 , while the last two ones are related to the bifurcation site m. As in this paper the two fibers F 2 and F 3 are identical, the system (1) reduces to
From a physical point of view, the system (2) can also model an overdamped chain of harmonically coupled particles of mass M lying in a double well on-site potential φ(v i,n ) (see 1.b), where the inertia terms are neglected. The function f (v i,n ) = −dφ(v i,n )/dv i,n represents a force deriving from the potential φ(v i,n ) and the diffusive coefficients in each medium are expressed by
and k being the coupling strengths in the main fiber and the two branches respectively, whereas λ is the friction force coefficient. For a given coupling D 1 , we propose to determine analytically the critical coupling D = D * sup over which a kink spreading in the chain F 1 cannot overcome the bifurcation site m. Note that the lower critical value D * inf can be estimated by the critical coupling D * under which propagation failure occurs in a homogeneous medium [9, 10, 12] . As our study deals with weak couplings, we can assume, as in [13, 17] , that when the kink is pinned at the bifurcation site m, only this site experiences nonlinearity while the site m − 1 of the main chain F 1 and the sites m + 1 of each branch F 2 and F 3 are respectively close enough to the potential minima 1 and 0, that is v 1,m−1 = 1, v 2,m+1 = 0 and v 3,m+1 = 0. Under these conditions, setting v = v 1,m , the system (2) reduces to
For a non pinning of the initial travelling front wave at the junction, let us point out that it is necessary for the front site m (bifurcation site), to pass the energy barrier (with maximum height ∆φ) in v = a, separating the two potential minima (see Fig. 1 ). Therefore, as in [12] the double well on site potential φ(v) can be replaced on the interval [0, a] by an equivalent third order polynomial respecting the same extrema (v = 0 and v = a), and the same barrier height ∆φ (continuous line in Fig. 2) . Then, the nonlinear force or function f (v) can be re-
where γ = a 2 − 1 is obtained by identification of the barrier height. Substituting (4) in eq.(3), provides the following expression:
This equation admits no solutions in v if its discriminant is negative, that is:
Therefore the critical coupling value D = D * sup , under which the kink propagation is possible through the bifurcation site m, is expressed by:
In order to valid the analytical expression (7) of D * sup , we have performed numerical simulations using a fourth order Runge-Kutta algorithm with an integrating time step dt = 0.001. The coupling coefficient D 1 being fixed, we initiate a kink propagating in the main fiber As one can see on figure 3, provided that the coupling coefficient is weak enough, our analytical approach is in good agreement with the numerical results. Note that, for larger couplings, our theoretical predictions provide nevertheless a fairly good estimation of the region where propagation is possible.
III. REAL EXPERIMENTS
In order to complete the propagation failure effect induced by a geometrical bifurcation, we also present experimental results obtained with the nonlinear electrical lattice [20] of the figure 4. In the experiments, the first medium F 1 is realized with 24 elementary cells, resistively coupled by linear resistors R 1 while each of the two branches F 2 and F 3 are obtained with 12 others elementary cells coupled by linear and adjustable resistors R 2 = R 3 . The bifurcation site is then located at the 24 th cell, that is m = 24. Each elementary cell is constructed with a linear capacitor C in parallel with a nonlinear resistor R N L whose current-voltage characteristic obeys to the following cubic law
with R 0 = 3.2 kΩ and a = α/β = 0.3. Using Kirchhoff laws, we obtain straightforwardly the set of differential equations corresponding to a Nagumo chain with a geometrical bifurcation at the site m = 24:
After normalization, namely setting v i,n = V i,n β ,
, an analog simulation of the system (1) is realized with the electrical nonlinear lattice.
Initiating a kink from a Heaviside-type initial condition loaded in the first medium F 1 , we investigate versus the resistor R 2 = R 3 if the kink overcomes the bifurcation site m = 24 and spreads in each branch F 2 and F 3 . For a given resistor value R 1 , all the resistor R 2 and R 3 are adjusted to their maximum value (the very small coupling case) in order to set the two sub-lattices F 2 and F 3 in standard propagation failure regime (D 2 = D 3 < D * inf ). Therefore, the kink is pinned at the bifurcation site. Then, these resistors are simultaneously decreased until the critical value R inf (corresponding to D * inf ) is reached allowing the kink to overcome the bifurcation site as shown in the spatiotemporal diagrams of figure  5 providing the evolution of each fiber, F 1 , F 2 and F 3 respectively. Starting from the initial condition represented above the dotted line in gray scale, the kink initiated in the main fiber F 1 overcomes the bifurcation site and spreads with the same velocity in each branch F 2 and F 3 since they are identical. Decreasing now slightly R 2 and R 3 (namely increasing D 2 = D 3 ) to the second critical value R sup (corresponding to D * sup ), involves once again the pining of the kink at the bifurcation site. This leads to the several propagation failure domains of figure 3 where the experimental results are compared to the numerical ((+) signs) and the theoretical predictions. Despite some discrepancies mainly imputable to the component uncertainties, the propagation failure behavior induced by the presence of a geometrical bifurcation is however confirmed experimentally.
IV. CONCLUSION
We have studied the kink dynamics in a Nagumo chain presenting a geometrical bifurcation with two branches. In the discrete case, we have shown analytically that for a given coupling D 1 of the main fiber, there exists a range ([D * inf , D * sup ]) of coupling D 2 = D 3 of the two branches allowing the kink to overcome the bifurcation site. These theoretical results are confirmed by numerical simulations and by real experiments using a nonlinear electrical lattice. Our study could be extended to multiple branches, identical or not, where one could expect that the propagation domain decreases with the number of added branches. In particular, considering the propagation in the reverse direction with a kink initiated in one or the two branches, an extension of this work could explain how a logical "OR" function could be implemented with this kind of Nagumo chain. Moreover, we believe that this work could be interesting in better understanding phenomena in the context of neuro or cardiophysiology.
